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VÄLIVAIHEET JA PERUSTELUT NÄKYVIIN, KIITOS!

1. a) Osoita sarja
∞∑
k=1

(
√
k − 1−

√
k)

hajaantuvaksi osasummien jonon

(Sn)
∞
n=1, Sn =

n∑
k=1

(
√
k − 1−

√
k), n = 1, 2, 3, . . . ,

avulla. (2p)

b) Osoita sarja
∞∑
k=1

ke−k2

suppenevaksi integraalitestin avulla. (2p)

c) Laske potenssisarjojen avulla raja-arvo

lim
x→0

sinh(3x)− 3x cosh(x)

x2 ln(1 + x)
. (4p)

KAAVAKOKOELMA LIITTEENÄ
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xk

k!
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x2
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3!
+ · · · , x ∈ R
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(2k)!
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2!
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3!
+

x5

5!
− x7

7!
+ · · · , x ∈ R

coshx =
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x2k

(2k)!
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4!
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+ · · · , x ∈ R

sinhx =
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k=0

x2k+1

(2k + 1)!
= x+

x3

3!
+

x5

5!
+

x7

7!
+ · · · , x ∈ R

1

1− x
=

∞∑
k=0

xk = 1 + x+ x2 + x3 + · · · , |x| < 1

ln(1 + x) =
∞∑
k=0

(−1)kxk+1

k + 1
= x− x2

2
+

x3

3
− x4

4
+ · · · , |x| < 1

arc tanx =
∞∑
k=0

(−1)kx2k+1

2k + 1
= x− x3

3
+

x5

5
− x7

7
+ · · · , |x| < 1

S(x) =
a0
2

+

∞∑
k=1

[ak cos(kx) + bk sin(kx)]

a0 =
1

π

2π∫
0

f(t) dt ak =
1

π

2π∫
0

f(t) cos(kt) dt bk =
1

π

2π∫
0

f(t) sin(kt) dt

D(x, y) = fxx(x, y)fyy(x, y)− [fxy(x, y)]
2 x = ρ sin θ cosφ

y = ρ sin θ sinφ
z = ρ cos θ

∣∣∣∣∂(x, y, z)∂(ρ, θ, φ)

∣∣∣∣ = ρ2 sin θ ↶
∮
∂A

P dx+Qdy =

∫
A

∫ (
∂Q

∂x
− ∂P

∂y

)
dA

∫
S

∫
F (x, y, z) dS =

∫
A

∫
F (x, y, f(x, y))

√
1 + [fx(x, y)]2 + [fy(x, y)]2 dA

↶
∮
∂S

F⃗ · dx⃗ =

∫
S

∫
∇× F⃗ · n⃗0 dS

∫
S

∫
F⃗ · n⃗0 dS =

∫ ∫
V

∫
∇ · F⃗ dV

D(
f(x)

g(x)
) =

f ′(x)g(x)− g′(x)f(x)

[g(x)]2
D(f(x)g(x)) = f ′(x)g(x) + f(x)g′(x) Dxn = nxn−1

D([f(x)]n) = n[f(x)]n−1f ′(x) Def(x) = ef(x)f ′(x) D ln |f(x)| = f ′(x)

f(x)

D arc tanx =
1

1 + x2
D sinx = cosx D cosx = − sinx

∫
xn dx =

xn+1

n+ 1
+ C (n ̸= −1)

∫
1

x
dx = ln |x|+ C

∫
f ′(x)[f(x)]n dx =

[f(x)]n+1

n+ 1
+ C (n ̸= −1)

∫
f ′(x)

f(x)
dx = ln |f(x)|+ C∫

f ′(x)ef(x) dx = ef(x) + C

∫
dx

1 + x2
= arc tanx+ C∫

sinx dx = − cosx+ C

∫
cosx dx = sinx+ C


